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Fourier coefficients of Klingen’s Eisenstein series
(YOSHIYUKI KITAOKA)
$n,$ $m$ $R$
$M_{m,n}(R)$ $:=R$ $m\cross n$ , $M_{m,n}$ $:=M_{m,n}(Z),M_{m}$ $:=M_{m,m}(Z)_{\text{ }}$
$\Lambda_{n}(R)$ $:=\{a={}^{t}a\in M_{n}(R)\},$ $\Lambda_{n}$ $:=\Lambda_{n}(Z)$
$\Lambda_{n}’$ $:=$ { $\lambda\in\Lambda_{n}(Q)|2\lambda\in\Lambda_{n}$ , $\lambda$ $Z$ },
$\Lambda_{n}’(Z_{p}):=\Lambda_{n}’\otimes_{Z}Z_{p}$
$A,$ $B$ ${}^{t}ABA$ $B[A]$
$\Gamma_{n}$ $:=Sp(n, Z),$ $U_{n}$ $:=SL_{n}(Z)$
$\Gamma_{n}^{\infty}$
$:=\{(\begin{array}{ll}a^{(n)} b0 d\end{array})\in\Gamma_{n}\},$ $P_{n,r}$ $;=\{(\begin{array}{l}v_{1}^{(r)}*0*\end{array})\in U_{n}\}$
$\triangle_{n,r}$ $\Gamma_{n}$ $(n-r)\cross(n+r)$ $r<n$
$H_{n}$ $;=\{z=t_{Z\in M_{n}(C)}|\Im z>0\}$
$e(x)$ $:=exp(2\pi ix)_{0}$
$G\subset M_{n}$ $G(q)$ $:=\{g\in G|g\equiv 1_{n}mod q\}$ $q$
$n,$ $r,$ $k,$ $q$ $1\leq r<n,$ $q\geq 3$
$A\in M_{n}(C)$ $A=(\begin{array}{ll}A_{1} A_{2}A_{3} A_{4}\end{array}),$ $A_{1}\in M_{r}(C)$
$m$ $:=n-r$
$\bullet$ $H(T, y;s)$
$T\in\Lambda_{n}’,$ $y\in\Lambda_{n}(R)$ $T_{1}>0,$ $y>0$ $s\in C$
$H(T, y;s)$ $:=e$ ( $i$ tr $T_{1}.y_{1}$ ) $\int_{\sigma\in\Lambda_{1^{n}}(R)}\det(\sigma_{4}+iy_{4})^{-k}\det(y^{-1}\{\begin{array}{l}\sigma_{2}\sigma_{4}\end{array}\}+y_{4})^{-s}$
$\cross e$ ( $-trT_{1}\cdot z_{4}^{-1}[z_{3}]-$ tr $(\begin{array}{ll}0 \sigma_{2}\sigma_{3} \sigma_{4}\end{array})T$) $d\sigma_{2}d\sigma_{4}$ ,
$z_{j}$ $:=\sigma_{j}+iyj$ $d\sigma_{2}$ $:=\Pi_{i}j$ daij for $\sigma_{2}=$ (aij) $d\sigma_{4}=\Pi_{i\leq}j$ dbij for $\sigma_{4}=(b_{ij})$
$H(T, y;s)$ $\Re s>(n-k)/2$ $\Re s\geq 0$
$H(T, y;s)=O$ ( $(\det T_{1}^{(r)})^{-m/2}(\det y_{4}^{(m)})^{(n+1)/2-k-s}exp(-2\pi$ tr $T_{1}(y_{1}-y_{4^{-1}}[\iota y_{2}]))$ )
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$r_{\grave{A}}$ . $w=(w_{1}^{(r)}w0w_{4}^{2})\in GL_{n}(R)$
$H(T[w], y[{}^{t}w^{-1}];s)=|\det w_{1}|^{-m}|\det w_{4}|^{2k-n-1+2s}H(T, y;s)_{\text{ }}$
,
$H(T, T^{-1} ; s)=\det T^{-(n+1)/2+k+s}\det T_{1}^{r+1)/2-k-s}H$( $1_{n},$ $1_{n}$ ; s)
$k>n$
$H(T, y;0)=2^{-(n-1)m/2}i^{-mk}(2 \pi)^{m(k-r/2)_{7\ulcorner}-m(m-1)/4}\prod_{j=0}^{m-1}\Gamma(k-(r+j)/2)^{-1}$







$N$ $M$ $M$ $\phi,$ $\psi$
$\psi(K)=\sum_{H\supset K}\phi(H)$








$d$ $GL_{n}(Z)\backslash \{(c, d)|(\begin{array}{l}**dc\end{array})\in\Gamma_{n}, \det c|p^{\infty}\}/(\begin{array}{ll}l_{\hslash} \Lambda_{n}0 1_{n}\end{array})$ $\det T\neq 0$
$x$ $\gamma_{p}(T, x)$
$\gamma_{p}(T, x)$
$:=(1-x)(1+ \epsilon p^{n-d/2}x)\prod_{1\leq i<n-d/2}(1-p^{2i}x^{2})$ ,
$d,$ $\epsilon$
$V$ $Z/pZ$ quadratic space $\{v_{i}\}_{i=1}^{n}$ quadratic form $q$
$q( \sum x_{i}v_{i})$ $:=T\{\begin{array}{l}x_{1}\vdots x_{n}\end{array}\}mod p_{\text{ }}$
$b(x, y)$ $:=q(x+y)-q(x)-q(y)$ bilinear form $b$ $n-d$
radical Rad(V) $:=\{v\in V|q(v)=0, b(v, V)=0\}$ $d$ $\epsilon=0$
$d$ $V=V_{0}\perp Rad(V)$ $V_{0}$ hyperbolic, $V_{0}=0$
$V_{0}$ Witt index $d/2$ $\epsilon=1$ $\epsilon=-1$
$T\not\in\Lambda_{n}^{f}(Z_{p})$ $\beta_{p}(T, x)=\gamma_{p}(T, x)=0$
$\beta_{p}(T, x)=\sum_{G}(p^{n+1}x^{2})^{ord_{p}\det G}\gamma_{p}(T[G^{-1}], x)$
$G$ $GL_{n}(Z_{p})\backslash (M_{n}(Z_{p})\cap GL_{n}(Q_{p}))$
$\bullet$ $exponenti;al$ sums
$T\in\Lambda_{n}^{f},\tilde{\sigma}\in\Gamma_{m},\tilde{v}_{2}\in M_{r,m}$ , $c,$ $d\in M_{m}(\det c\neq 0)$ $\alpha$ $a,$ $b\in M_{m}$
$\Gamma_{m}\ni(\begin{array}{l}bacd\end{array})\equiv\tilde{\sigma}mod \alpha$
$K_{\alpha}(T, (c, d);\tilde{\sigma},\tilde{v}_{2})$
$;=v_{2} \in M_{r_{2}m}m_{2}od\alpha M\sum_{v’\equiv\tilde{v}mod \alpha^{r,m^{t_{C}}}}e(trT(\begin{array}{ll}ac^{-l}[\iota v_{2}] -v_{2}^{t_{C}-1}-c^{-l}{}^{t}v_{2} c^{-l}d\end{array})/ \alpha)$
&b‘ $\ll i$ $X^{y^{f_{\grave{A}}}}a,$ $b$ $K_{\alpha}(T, (c, d);\tilde{\sigma},\tilde{v}_{2}):=0$ $\alpha,$ $\beta$ $\sigma=(\begin{array}{l}bacd\end{array})\in$
$M_{2m}$ $[\alpha\ddagger\sigma]_{\beta}$ $\Gamma_{m}$ $mod \beta$ $(\begin{array}{ll}\alpha a bc \alpha^{-1}d\end{array})$
$\bullet$ $a$
$\hat{a}$ $:=(1_{m} -1 a)$
Klingen’s Eisenstein series
$f$ degree $r$ , weight $k$ , level $q$ cusp form $M=(\begin{array}{l}bacd\end{array})\in\Gamma_{r\rangle}N\in\Gamma_{n},$ $s\in C\}_{\llcorner}^{\vee}$
$j(M, z):=\det(cz+d)$ for $z\in H_{r}$ ,
$(f|M)(z)$ $:=j(M, z)^{-k}f(M(z))$ for $z\in H_{r}$ ,
$(f||_{s}N)(z)$ $:=j(N, z)^{-k}f(N(z)_{1})( \frac{\det_{S}^{\alpha}N(z)}{\det_{S}^{\alpha}N(z)_{1}})^{s}$ for $z\in H_{n}$ ,
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$:= \sum_{K}(f||_{s}K)(z)$ for $z\in H_{n}$
$K$ $\Delta_{n,r}(q)\backslash \{K\in\Gamma_{n}|K\equiv Mmod q\}$ $\Re s$
$k>n+r+1$ $s=0$ degree $n$ , weight $k$ , level $qa$) modular
form Eisenstein series cusp forms degree $n$ , weight $k$ , level $q$
modular forms




. $T\in\Lambda_{n}^{f},$ $\det T\neq 0$
$q^{-r(r+1)/2} \int_{x\in\Lambda_{n}(R)/q\Lambda_{n}}$
.
$E_{n,r}^{k}(f, s;q, M)(x+iy)e$ ( $-$ tr $Tx/q$ ) $dx=$
$2\varphi(q)^{-1}[\Gamma_{m}^{\infty} :\Gamma_{m}^{\infty}(q)]^{-1}[P_{n,r} :P_{n,r}(q)]^{-2}[GL_{r}(Z) :U_{r}(q)]^{-1}$ $\sum$ $H(q-T[w], y[w^{-1}];s)$
$w\in U_{\hslash}/P_{n,r}(q)$
$\cross$ $\sum$ $\sum$ $\sum$ $\sum$
$\tilde{v}=(\tilde{v}_{1_{*}}^{(r)}\tilde{v}_{2}*)\in U_{n}/U_{n}(q)^{\eta\in\Delta_{n,r}(q)\backslash \Delta_{n,r}}$ $\tilde{\sigma}=(\begin{array}{ll}\tilde{a} \tilde{b}\tilde{c} \tilde{d}\end{array})\in\Gamma_{m}/\Gamma_{m}(q)$
$v_{1}\in U,$ $(q)\backslash (M_{r}\cap GL_{r}(Q))$
$\eta N(\tilde{v},\tilde{\sigma})(w^{-1} e_{w})\equiv Mmod q$
$\cross|\det v_{1}|^{m-2s}\{$ $\sum$ $\mu(Z^{r}/Z^{r}g)|\det g|^{-2s}b(T[w]_{1}^{(r)}[v_{1}^{-1}g^{-1}];\eta)\}$
$gU(q)\backslash (M_{r}\cap GL_{f}(Q))$
$gv_{1}\equiv\tilde{v}_{1}mod q$
$\cross$ $\sum$ $\{\prod\gamma_{p}(T[w]_{1}[v_{1}^{-1}],$ $\chi(p)p^{-k-2s})^{-1}\}\{$ $\sum$ $\mu(Z^{r}/Z^{r}V_{1})\chi(\det V_{1})^{2}$
$\chi modq$ $p\uparrow q$ $V_{1}\in U_{r}\backslash M_{f}$
$\chi(-1)=(-1)^{k}$ $\det V_{1}>0,(\det V_{1},q)=1$
$\cross(detV_{1})^{n+1-2k-4s}\prod\beta_{p}(T[W(V_{1}v_{1} 1_{m})],$ $\chi(p)p^{-k-2s})\}$
$p\uparrow q$
$\cross$ $\sum$ $\prod\{$ $\sum$ $\overline{\chi}_{i}(a_{i})$ $\sum$ $\{\square \chi_{j}(\det Ci)\}(\det Ci)^{-k-2s}$
$\tilde{V}_{2}\in Mr,mmod qM_{r,m}$ $j$ $a;mod q$; $c;\in U_{m}(q:)\backslash \{Cj\in M_{m}|0<detc:|q_{i}^{\infty}\}$ $j\neq i$
$g\tilde{V}_{2}\equiv\tilde{v}_{2}modq$
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$x_{d;\in M_{m}}\sum_{mod q;\mathfrak{g}\Lambda_{m}}K_{q;}(T[w(v_{1}1_{m})^{-1}], (c_{i}, d_{i});[qq_{i^{-1}}\ddagger (t\hat{a}_{*}\cdot \hat{a}_{*}^{-1}) \tilde{\sigma}]_{q;}, (qq_{i^{-1}})^{-1}\tilde{V}_{2}\hat{a}_{i}^{-1})\}$ .
$\varphi$ Euler $\sigma=(\begin{array}{l}bacd\end{array})\in\Gamma_{r}$
$N(v, \sigma)$ $;=(v t_{v}-1)(0^{r}c^{a}(^{1_{r_{d}}^{0}})(b))\in\Gamma_{n}$
$\chi$ $mod q$ Dirichlel $\chi(-1)=(-1)^{k}$ $q=\Pi_{i}q_{i}$
$q$ $\chi_{i}$ $mod q_{i}$ Dirichlet $\chi=\prod_{i}\chi_{i}$
. $H(T, y;0)$ $k>n$ $E_{n,r}^{k}(f, s;q)M)$ Fourier $s=0$
$z$ holomorphic ( $\det T=0$ ) $f$ Hecke
operato $rs$
level primes Hecke operators
